Abstract. We algorithmically compute the intersection cohomology Betti numbers of any complete normal algebraic variety with a torus action of complexity one.
Introduction
This paper investigates the intersection cohomology for complete normal algebraic varieties equipped with a complexity-one torus action (i.e., a torus action whose general orbits are of codimension one). We algorithmically compute the intersection cohomology Betti numbers of these varieties (see Theorem 4.15) in the language of polyhedral divisors. In particular, our main result generalizes the classical case of complete toric varieties treated in [31, 14, 17] .
Let us introduce some notation in order to formulate and explain our results. We will be working with a complex torus T = (C ⋆ ) n and a normal algebraic variety X over C endowed with an algebraic faithful T-action of complexity one. To perform our computation, we use in this article the geometric and combinatorial approach developed in [34, 2, 3, 5] , which extends in our setting the well-known classification of toric varieties by their defining fans.
More precisely, this description can be briefly explained as follows. As a first ingredient, we need to consider the smooth projective curve Y parametrizing the general T-orbits, i.e. the curve Y comes with an invariant rational map ι : X Y giving rise to an identification of function fields C(Y ) ≃ C(X)
T . Then, one remarks that the local structure of the torus action restricts to the affine case (see [33, Section 3, Corollary 2]), namely, there exists a finite covering (X i ) i∈I of X by affine T-stable Zariski open subsets. The main result in [2] states that the coordinate ring of the affine chart X i is built from a graded sheaf of O Y i -algebras
where σ One may additionally choose the D i 's in a such way that the relative spectra Spec Y i A i glue together into a normal T-varietyX. The resulting morphism π :X → X is called the contraction map. It is known that π is a proper birational morphism and that the total spaceX only depends on X, and neither on the choice of the open covering, or on the choice of the sheaves A i . Also the quotient mapπ :X →Ỹ onto a dense open subsetỸ ⊆ Y yields a resolution of the indeterminacy locus of the rational map ι : X Y . Note that the above geometric and combinatorial description can be reversed by defining a normal T-variety of complexity one via a finite set of compatible polyhedral divisors (called a divisorial fan, see [3, Section 5] ). It is worthwhile mentioning that the varietyX is toroidal in the sense of [23, Chapter IV] . Thus, we may expect to compute the intersection cohomology ofX by using toric methods. Based on the work of de Cataldo, Migliorini, and Mustaţȃ [12] , this case was done in [1] (see also 4.2) . Therefore, the next step consists to relate the intersection cohomology of X andX via the decomposition theorem of Beilinson, Bernstein, Deligne and Gabber, see [8, Theorem 6.2.5] .
In this article, we complete this step by providing an explicit description of the intersection cohomology of X in terms of the one ofX and the simple perverse sheaves appearing in the decomposition theorem of the map π (combine 1.1 and 4.15).
For a d-dimensional complex algebraic variety S, we denote by IC S the intersection cohomology complex with respect to the middle perversity. Recall that S is a rationally smooth variety if for any x ∈ S, we have that H Our first result below asserts that the local systems in the decomposition theorem for the map π are trivial and supported on certain torus orbits. Theorem 1.1. Let X be a normal complex algebraic variety with a torus action of complexity one. Let π :X → X be the contraction map. Denote by E ⊆ X the image of the exceptional locus of π and let O(E) be the set of torus orbits in E. Then there is an isomorphism
where the s i,O ∈ Z ≥0 are 0 for all but finitely many i ∈ Z and O ∈ O(E), and where ι O :Ō → X is the natural inclusion. If, in addition,X is rationally smooth, then
where O 2 (E) is the set of codimension-two torus orbits in E.
We now explain the strategy in order to end the calculation by describing the content of each section. In Section 2, we exhibit a natural stratification that makes π a topological fibration over each stratum (see Lemma 2.2). We then show that π is semi-small (see Lemma 2.3). We prove Theorem 1.1 in Section 3. As we can see, the second part of the statement of Theorem 1.1 is more explicit. This is due to the decomposition theorem for semi-small maps (see for instance [19, Theorem 8.2.36] ). This result applies a priori in the case where the varietyX is rationally smooth (e.g. whenX is a surface). But most of the time, the varietyX does not satisfy this assumption.
Thus, in order to bypass the difficulty of precisely determining the multiplicities s i,O of Theorem 1.1, in Section 4, we study the stalk of the intersection cohomology sheaves on both sides of the decomposition theorem for the map π. This determines the intersection cohomology groups of every affine normal T-variety of complexity one with a unique fixed point (see Proposition 4.5 and Example 4.6) and the ones of a relative spectrum associated with a polyhedral divisor having full-dimensional tail cone (see Theorem 4.11) .
Note that for proving Theorem 4.11, we use results in [9] which relies on a sheaf realization of the relative g-invariants of an affine toric variety. Inspired by the techniques developed in [12, Section 7] , we finally sum up all our computations in Theorem 4.15 where the s i,O 's are precisely obtained via an induction process on the dimension and from an inversion formula in the incidence algebra of the finite poset of orbits O(E).
Our last result does not give a direct formula of the intersection cohomology Betti numbers but provides an algorithm. This was somehow philosophically expected. For instance, in the toric setting (see [14, 17] ), the intersection cohomology Betti numbers are usually obtained in terms of a double induction which compares the global and local intersection cohomologies of toric varieties of smaller dimension.
Related works. Independently, Laface, Liendo, and Moraga investigated in [25] the Hodge-Deligne polynomial, the cohomology ring, and the Chow group of a smooth complete complexity-one Tvariety. In relation with mirror symmetry, one may also look at the stringy invariants as studied by Batyrev and Moreau in [7] . Such a description (see [27] ) is available for complexity-one horospherical varieties [28, 29] . Finally, we want to mention that the starting point of the present work comes from the relative version of the h-invariant theory for toric varieties, see [22, 12, 13] . Remark 1.2. In this paper, we work over the complex numbers and with the Euclidean topology. Local systems are particularly sheaves of Q-vector spaces.
Stratifications and fibers
This section is dedicated to studying the geometry of the contraction map. We will use notations of the introduction. We begin by noting that the T-varietyX has a T-stable open subset of the form Y ′ × V , where V is the toric variety corresponding to the generic fiber of the quotient map π and Y ′ ⊆Ỹ is a Zariski dense open subset. On this subset, the torus trivially acts on the first factor and by the natural action on the second factor. Elements of the set Z :=Ỹ \ Y ′ will be called special. Finally, for any point y ∈Ỹ we write F y =π −1 (y) for its reduced fiber.
The following lemma is a consequence of results in [2, Section 10]. 
is birational and bijective. Let π 2 be the projection
with π proper, the map ζ is proper. So by the Zariski Main Theorem, ζ is an isomorphism.
Next, we construct a natural stratification associated with the morphism π :X → X. If n is the complex dimension of the torus, then for 0 ≤ d ≤ n + 1 we write CS d (X) for the set of closed subsets S inX satisfying the following conditions. The set S is a Zariski closure of a set of the form 
defines a stratification of the pseudo-manifoldX. In addition, the image π ⋆ X • of the filtration X • by π leads to a stratification on X, and π is a topological fibration with respect to these strata.
Proof. Let us prove that the filtration X • gives rise to a stratification. It is clear that X n+1 \ X n is dense inX. Furthermore, for every d the subset X d \ X d−1 is the disjoint union of a finite set of orbits of dimension d and sets of the form
Then there are two possibilities.
(1) The point x belongs to an orbit of dimension d−1, contained in the fiber 
The map π is a topological fibration since its restriction on each connected component of X d \X d−1 is an isomorphism or a Zariski trivial fibration with fiberỸ (see Lemma 2.1). Finally, from this one deduces that π ⋆ X • also provides a stratification, proving our lemma. Lemma 2.3. The contraction map π :X → X is semi-small, i.e., the inequality codim X π ⋆ X d ≥ 2 dim π −1 (x) holds for every integer d such that 0 ≤ d ≤ n + 1 and any point x ∈ π(X d ) living in the stratum.
Proof. Let x ∈ X. By Lemma 2.1, the real dimension of π −1 (x) is either 0 or 2. Suppose that the real dimension of π −1 (x) is 2 and let O x be the orbit of x. Then O x is a connected component of a stratum of π ⋆ X • . Given y ∈Ỹ , let O y ⊆X be the orbit such thatπ(O y ) = {y} and π(O y ) = O x . Hence the complex codimension of O x is codim X O x = 1 + codim Fy O y ≥ 2 which proves that π is semi-small.
. Actually, such a stratum is either the big open stratum π ⋆ X n+1 \ π ⋆ X n , or the codimension-two torus orbits in E ⊆ X.
Decomposition theorem
In this section, we focus on the proof of Theorem 1.1. For a complex of sheaves of Q-vector spaces K, we denote by H j (K) its j-th cohomology sheaf. By definition, the vector space of global sections of the sheaf H j−dim S (IC S ) is the intersection cohomology group IH j (S; Q) (cf. [18, Sections 2, 3] ). In particular, if S is a smooth variety, then
We keep the same notation as in Section 2. Namely π :X → X is the contraction map of our T-variety X, the morphismπ :X →Ỹ is the surjective global quotient map and V is its generic fiber. Let O ⊆ E be an orbit in the image of the exceptional locus of π. By Lemma 2.1, we have that
Before enunciating our local structure result for the T-varietyX (see Lemma 3.2 below), we make the following remark.
Remark 3.1. Let G be a connected linear algebraic group acting on a variety S. If f : S → G/H is a G-equivariant morphism onto a homogeneous G-space, then S is G-isomorphic to the fiber product G × H F , where F = f −1 (H/H) (see [30] ). If moreover G freely acts on both S and G/H, the subgroup H is trivial and S is G-isomorphic to G × F . There exists a decompositionX O ≃X 1 × O, whereX 1 is a T 1 -variety for a smaller torus T 1 . Moreover,X 1 is the total space of a contraction map π 1 :X 1 → X 1 such that X 1 is an affine normal T-variety having a unique fixed point.
Proof. From the definition ofX O , we remark that for generic y ∈Ỹ the set F y ∩X O is an affine T-stable Zariski open subset of the toric variety V that does not depend on y. Let σ be the corresponding cone in the fan of V . From the description ofX in terms of divisorial fans in [3] , we may find a T-stable Zariski open subset X 0 ofX which is the relative spectrum of a σ-polyhedral divisor D with locusỸ and containing π −1 (O). Strictly speaking, we choose D to be exactly the polyhedral divisor corresponding to the hyperface associated with the orbit closureŌ ⊆ X in the sense of [35, Theorem 16.19] . Using the dictionnary between orbit closures and face relations from loc. cit. and the definition ofX O , we getX O = X 0 .
We prove the existence of the decompositionX O ≃X 1 × O. LetF y be the reduced fiber of the quotient mapπ :X O →Ỹ at y ∈Ỹ . Each reduced special fiberF y is equidimensional. Its irreducible components are affine toric varieties with respect to a torus isogenic to T and share the closed orbit O y . This implies decompositions
10]) such that S y is a toric bouquet for a torus T 1 acting with a unique fixed point. Furthermore, the torus T 2 freely acts by left translation on O y .
Let us prove that the
Projecting on the second factor, there is a T 2 -equivariant mapX O → T 2 . By Remark 3.1 it follows thatX O ≃X 1 × T 2 . We observe thatX 1 is the relative spectrum of the sheaf of a polyhedral divisor. Therefore X 1 is defined as the global spectrum of this sheaf. This ends the proof of the lemma. 
where j ∈ Z, π 1 :X 1 → X 1 is the contraction map and x is the unique fixed point of the affine T 1 -variety X 1 . In particular, each restriction of the sheaf H j (π ⋆ ICX) on every orbit is constant.
Proof. Let U ⊆ O be any open subset. Then by the very definition,
The lemma follows from the Künneth formula.
Proof of Theorem 1.1. The decomposition theorem (see [8, Theorem 6.2.5]) yields an isomorphism
where A is a finite set, V α are irreducible smooth Zariski locally closed subvarieties, the map
and L α is a simple local system definied on V α . As π |π −1 (X\E) is an isomorphism, it follows that (π ⋆ ICX) |X\E ≃ IC X\E and V α ⊆ E for any α. This implies thatV α = ∪ O∈O(E)Ō ∩V α and thusV α ⊆Ō for some orbit O in E. Let O α be a orbit 
where for a sheaf of Q-vector spaces F we denote by supp(F ) its support. ConsequentlyŌ α =V α . This shows the first assertion of Theorem 1.1. For the second, we apply the decomposition theorem for semi-small maps (see for instance [19, Theorem 8.2 .36]), where the examination of the relevant strata follows from Remark 2.4.
Example 3.4. Complete C ⋆ -surfaces (see also [16] ). Assume that dim X = 2. ThenX is rationally smooth and E is a finite set. From Theorem 1.1, it follows that
Betti numbers
This section aims to prove our final theorem stated in 4.15, which describes the intersection cohomology Betti numbers of any complete normal T-variety of complexity one. We start by introducing some combinatorial tools. For every algebraic variety S we write
for its Poincaré polynomial. Moreover, until the end of this article, we will denote by M the character lattice of the torus T, by N = Hom(M, Z) its dual, and by
4.1. Preliminaries. It is known (see e.g. [31, 14, 17] ) that the intersection cohomology of an ndimensional complete toric T-variety V with fan Σ = Σ V (defined on N Q ) can be expressed in terms of h-vectors, namely that P V (t) is determined by two relations
Here
is the local Poincaré polynomial, d = dim σ, x σ is a point in the orbit associated with σ, and the corresponding affine toric variety of σ ∈ Σ is, after removing the torus factor, an affine cone over the projective toric variety Z σ (for the torus (C ⋆ ) d ). Finally τ ≤d−1 stands for the truncation of polynomials to degrees ≤ d − 1. These two formulae recursively define the h-numbers h i (Σ V ) := dim Q IH 2i (V ; Q). In particular, dim Q IH 2i+1 (V ; Q) = 0 for any i, and thus
We now pass to the definition of the g-polynomials. The projective toric variety Z σ corresponds to a polytope Q = Q σ in the sense that the defining fan of Z σ is the normal fan Σ Q associated
we let g 0 (Q) = 1 and g i (Q) = 0 for i > 0. In particular, we see from above that the g-polynomial g(Q; t 2 ) = ⌊d/2⌋ i=0 g i (Q)t 2i coincides with the local Poincaré polynomial P σ (t). For any face E of Q, there is a polytope Q/E such that the poset of its faces is isomorphic to the poset of faces of Q which contain E (see [9] ). Moreover, according to [9, Section 2, Proposition 2], if F is a face of E, then there exist unique polynomials g(E, F ; t 2 ) such that
where here ≺ is the face relation. Coefficients of g(E, F, t 2 ) are denoted by g i (E, F ) and are usually called relative g-invariants. Observe that g(Q, t 2 ) = g(Q, Q; t 2 ). As there is a one-to-one correspondence between faces of σ and faces of Q, a similar notation for relative g-invariants with respect to the faces of σ will be used.
We return to the T-variety X considered in the introduction and briefly introduce the necessary notations about divisorial fans (see [3] for more details). The combinatorial counterpart of X is a divisorial fan over (Y, N) (see [ 
are open immersions, where
Actually, these conditions imply that the family (D Here we recall the main result in [1] . In this paragraph, we assume that the T-variety X is contraction-free and complete. We denote by Σ(E ) the smallest fan containing all the tails of each element of E . To every point y ∈ Y we consider the fan E y of N Q × Q generated by the cones
The following result determines the intersection cohomology Betti numbers in the contractionfree case. This was made possible thanks to the work of de Cataldo, Migliorini, and Mustaţȃ [12] on the topology of toric fibration. Remark that another way to compute it, this times in terms of the topology of the fibers of the quotient map, might be to use results in [11] . 
where δ(Ẽ y ) is the number of rays of the fanẼ y and the set E ⊆ X is the image of the exceptional locus of the contraction map. Actually, |E| coincides with the number of polyhedral divisors in E defined in the whole curve Y and having maximal tail. For instance, let us take the divisorial fan N over P for any y ∈ P 1 C \ {0, ∞}. Then we obtain from above that
Note that δ(Ñ 0 ) = 5, δ(Ñ ∞ ) = 4, and |E| = 2. Therefore P X(N ) (t) = t 4 + t 2 + 1, where X(N ) is the complete C ⋆ -surface associated with N . The surface X(N ) is in fact isomorphic to P 4.2. Isolated fixed points. As a by product, we give a formula for the intersection cohomology Betti numbers of any normal affine T-variety of complexity one having a unique fixed point. We start with a known lemma yielding a comparison with global and local intersection cohomologies around an attractive fixed point locus.
Lemma 4.4. [14, Lemma 6.5] Let X be a normal affine T-variety of complexity one with a unique fixed point x. Then
Furthermore, letX =X(D) be a normal T-variety of complexity one defined as the relative spectrum of the sheaf of a polyhedral divisor D, where the tail is assumed to be full-dimensional. Then
where ι :X T ֒→X is the inclusion. 
is an automorphism. For a complex of sheaves K on an algebraic variety S, let us denote by H ⋆ (S, K) the vector space Γ(S, H ⋆ (K)). Considering the inclusion j :X 0 →X, we only need to show
C is the inclusion. We conclude by using the Künneth formula on the right hand side.
We suppose that X is an affine T-variety of complexity one with a unique fixed point. Here we will use the notation X = X(D) to specify that X is described by the divisorial fan E = {D}. Note that in terms of the polyhedral divisor D, the condition for X = X(D) having a unique fixed point is equivalent to required that D is defined over a smooth projective curve Y and that the dual of its tail σ ∨ is strictly convex. Choose u ∈ N in the relative interior of σ and consider the embedding λ u : C ⋆ ֒→ T attached to it. From this, after dividing by a finite group action, the variety X(D) becomes an affine cone over a projective (C ⋆ ) n−1 -variety X(E u ) that we now exhibit (see [ 
where τ ≤n is the truncation to degrees ≤ n.
Proof. As µ d (C) acts by restriction of the C ⋆ -action, the global and local intersection cohomologies are unchanged by the quotient of µ d (C) (see [24, Lemma 2.12] ). So we may assume that X(D) is an affine cone over X(E u ). We conclude by combining Lemma 4.4 and [17, Lemma 2.1].
Example 4.6. Affine C ⋆ -surfaces with a unique fixed point. Let X = X(D) be a normal affine C ⋆ -surface with polyhedral divisor D defined over a smooth projective curve Y . Using the argument of the proof of Proposition 4.5, we have that
Example 4.7. Affine (C ⋆ ) 2 -threefolds with a unique fixed point. Let X = X(D) be a normal affine (C ⋆ ) 2 -threefold with a unique fixed point, where D is a polyhedral divisor defined over the smooth projective curve Y . Then the variety X(E u ) is a normal projective C ⋆ -surface and using Example 4.3 and Proposition 4.5, we have the formula
where X(Ẽ u ) is the total space of the contraction map of X(E u ), and the set E u ⊆ X(E u ) is the image of the exceptional locus. Note that we always have |E u | ≤ 2, and if |E u | = 2, then the definition of divisorial fans imposes that one of the δ(Ẽ Using our formula, we arrive at P X (t) = 1 + (δ(Ẽ u ∞ ) − 3)t 2 = 2t 2 + 1, which can be also deduced by remarking that X = X(D) is isomorphic to the 3-dimensional affine toric variety associated with the cone
Computing with g-invariants.
We are working with the normal affine T-varietyX(D) equal to the relative spectrum of the sheaf of O Y -algebras
where D is a polyhedral divisor over Y having full-dimensional tail. Our aim is now to determine the intersection cohomology Betti numbers ofX(D) in terms of g-invariants of certain polyhedral cones (see Theorem 4.11 for a precise statement). For every algebraic variety S over C, we will let
for any index j such that 1 ≤ j ≤ dim S. We start by recalling a classical result.
Lemma 4.8. [9, Sections 4,6] Let σ ⊆ N Q be a strongly convex full-dimensional polyhedral cone and consider the associated toric variety X σ . Let V (τ ) be the orbit closure corresponding to a face τ of σ. Then
where i β : V (β) → V (τ ) denotes the natural inclusion.
We say that a complex of constructible sheaves F ∈ D b (S) on an algebraic variety S is semisimple (or pure) if there is an isomorphism Proof. We follow the ideas developed in [9, Sections 5, 6] for the toric case and adapt them in the setting of toroidal complexity-one T-varieties. We will first produce a Seifert resolution of the pair (X(D), Γ) as explained in Section 5 of loc. cit. Let u ∈ N be a lattice vector belonging to the relative interior of the tail cone σ, and denote by λ u : C ⋆ → T the associated one-parameter subgroup. Then C ⋆ acts onX(D) via λ u . For each y ∈ Y we consider the fan {1}) ) defined as follows. It is spanned by the cones of the form τ + Q ≥0 u, where τ runs over all faces of C y (D) that does not contained σ.
Let E S be a divisorial fan over Y whose polyhedral divisors are defined over smooth affine curves, and such that for any y ∈ Y the family (C y (D 0 )) D 0 ∈E S generates the fan Σ y . Then we define the space S as the one corresponding to the divisorial fan E = E S . From the combinatorics of divisorial fans, one may construct a natural T-equivariant birational proper morphism p : S →X(D), which is an isomorphism overX(D) \ Γ. Note that S 1 := p −1 (Γ) is a prime divisor of S. Now as Y is a smooth curve, there are open Zariski subsets U y ⊆ Y and V 0 ⊆ A 1 C with y ∈ U y , 0 ∈ V 0 , and a surjectiveétale covering π : U y → V 0 such that π(y) = 0. Shrinking U y , if necessary, we may assume that the preimage of 0 by π is y and that U y ∩ supp(E S ) = {y}. Let
be the divisorial fan of polyhedral divisors over V 0 , having same tail as D 0 , supported in 0, and with non trivial coefficient D 0 y , where D 0 runs over E S . Then, under these conditions, we have anétale map γ : X(E
into a Zariski open subset of the toric T × C ⋆ -variety X Σy associated with the fan Σ y . Let α be the l.c.m. of the lattice indices [N : N ∩ span(τ ) + uZ], where τ runs through all the faces of the fans Σ z not containing σ, and z runs through all the points of U y . The lattice
gives rise to a torus T ′ . We denote by G µ the kernel of the natural map T → T ′ . According to [9, Proposition 16] , the quotient X(E
In particular, S/G µ is anétale line bundle over S 1 /G µ ≃ S 1 (this means a line bundle where the trivializations are with respect to theétale topology). Remarking that S 1 can be seen as the zero section of the line bundle S/G µ , that S restracts to S 1 , and that G µ acts via the restriction of the C ⋆ -action, by [9, Proposition 14] we get that j ⋆ IC S ≃ IC S 1 , where j : S 1 → S is the natural inclusion (note that if G µ is trivial, then this is also consequence of [18, Theorem 5.4.1], [14, 5.3 
.1]).
We now consider the Cartesian commutative diagram
where q is the restriction of p on the subset S 1 . We follow the proof of [9, Theorem 10] . Since p and q are proper morphisms, by base change we have that q ⋆ j ⋆ IC S ≃ ι ⋆ p ⋆ IC S . By the preceding step and using the decomposition theorem, the left-hand side of this identity is semi-simple.
Using again the decomposition theorem, this time, for the map p : S →X(D), we observe that ι ⋆ ICX (D) is a summand of ι ⋆ p ⋆ IC S (as p is birational) having a complement. Finally, we conclude the proof of the lemma by using [9, Lemma 15] , which implies that ι ⋆ ICX (D) is semi-simple.
Lemma 4.10. There is an isomorphism with y ∈ U y , 0 ∈ V 0 , and a surjectiveétale covering π : U y → V 0 such that π(y) = 0. Shrinking U y , if necessary, we may assume that the preimage of 0 by π is y and that U y ∩ supp(D) = {y}. By base change we get anétale map
, where D ′ is the σ-polyhedral divisor over A 1 C whose the only non-trivial coefficient is at 0 and equal to D y . Remark that U y ≃ X(D |Uy )∩Γ and denote by i Uy : U y → X(D |Uy ) the corresponding inclusion. To summarize, one can draw the following commutative Cartesian diagram
Note that the Zariski closure of the image of the fixed point locus of X Cy(D) for the T-action by theétale map γ is exactly the T × C ⋆ -orbit closure associated with the cone σ ⊆ C y (D). Again applying π ⋆ , we arrive at
Finally, we conclude by observing that we may cover Γ by Zariski open subsets of the form U y . This finishes the proof of the lemma.
The following result determines the Poincaré polynomials of certain relative spectra associated to a polyhedral divisor defined over a smooth projective curve.
Theorem 4.11. Let D be a polyhedral divisor over the smooth projective curve Y and assume that the tail σ of D is full-dimensional. LetX(D) be the relative spectrum of the sheaf associated with
where r is the cardinality of supp(D), ρ g (Y ) is the genus of Y , and
for any y ∈ Y .
Proof. This follows from Lemma 4.10, from the isomorphisms
provided by Lemma 4.4, and by the equality
(see the comment after [9, Section 2, Proposition 2]).
Main result.
In this section, we gather all our computations that we previously did in order to describe the multiplicities in the decomposition theorem for the contraction map (Theorem 4.15).
Before that, we spend some times on the combinatorics of posets (see [32] for details). Let (P, ≤) be a finite poset and set Int(P) = {(a, b) ∈ P 2 | a ≤ b}.
By incidence algebra A (P) of the poset P we mean the set of functions α : Int(P) → Z[t, t −1 ] endowed with the convolution product
This product is associative and admits an element 1, which is the restriction of the Kronecker symbol to Int(P). Observe further that (from the proof of [32, Proposition 3.6 .2]) the element α ∈ A (P) is invertible if and only if the image of the diagonal by α in P 2 is contained in (Z[t, t −1 ]) × . We will use the following inversion formula. Let α ∈ A (P) be an invertible element and consider two maps ε, γ from P to Z[t, t −1 ] subject to the relation
for every b ∈ P.
We again return to the situation of the introduction. We have a normal variety X with a faithful T-action of complexity one attached to a divisorial fan E over Y , the map π :X → X stands for the contraction map, and the set E ⊆X is the image of the exceptional locus of π. We also assume that X is complete. We emphasize that since the action of the torus is of complexity one, the set E has only a finite number of orbits. We introduce the partial order ≺ on the set O(E) of torus orbits of E as follows. For two orbits
One may combinatorially describe the poset O(E) in terms of the divisorial fan E as follows. Let H be the quotient set Y × N Q × Q ≥0 / ∼, where the equivalence relation ∼ is given by
The set H is usually called the hyperspace (see [ 
where x 2 ∈ O 2 . Note that R O 1 ,O 2 does not depend on the choice of the point x 2 .
Lemma 4.13. The map
is an invertible element of the algebra A (O(E)). Let
and denote by κ : X 1,2 → U 1,2 the normalization map. Then X 1,2 is affine and for any point
Proof. Using Sumihiro theorem in the ambient space X, we see that U 1,2 is affine. Note that the affine toric variety X 
where x is a point of O 1,2 . This concludes the proof of a statement of the lemma. 
This gives
, finishing the proof of our lemma.
Remark 4.14. Note that using the bijection HF (E ) ≃ O(E) and the description of torus orbits in [2, Section 10], one can explicitly described the toric variety X 1,2 in terms of E . Therefore, according to [14, 17] , the Laurent polynomial R O 1 ,O 2 (t) is a combinatorial object with respect to E .
Our next result summarizes our computation for determining the multiplicities of the simple perverse sheaves involving in the decomposition theorem for the contraction map. In the statement of this theorem, we will consider the notations employed in 4.1. Note that our approach was inspired by [12, Section 7] . Theorem 4.15. Let X be a complete normal variety with a faithful T-action of complexity one.
Denote by E ⊆ X the image of the exceptional locus of the contraction map, and letẼ be the divisorial fan describing the contraction spaceX. Then
where r is cardinality of supp(Ẽ ) and S O (t) = i∈Z s i,O t i is the generating function of the multiplicities of Theorem 1. 
for any orbit O 1 ∈ O(E).
Proof. Our starting point is the isomorphism
of Theorem 1.1 provided by the decompostion theorem. Taking the global sections on both side gives P X (t) = PX (t) −
O∈O(E)
S O (t)PŌ(t)t dim X−dim O . 
By virtue of Lemma 4.13, the map
is invertible in the incidence algebra A (O(E)). Thus, we conclude by using the inversion formula mentioned in the beginning of Paragraph 4.4. 
Case 2. Let O 2 ∈ O(E) be a torus orbit of dimension 0. Using the preceding case, we have on the one hand 
where r is cardinality of supp(Ẽ ), the numbers δ(Σ(Ẽ )), δ(Ẽ y ) are respectively the numbers of rays of the fans Σ(Ẽ ),Ẽ y , and O 0 (E), O 1 (E) are respectively the set of orbits of codimension 0, 1 in E.
